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ABSTRACT

We prove a variant of a theorem of N. Alon and V. D. Milman.
Using it we construct for every n-dimensional Banach spaces X and Y
a measure space §! and two operator-valued functions T: © — L(X,Y),
S: @ — L(Y, X) so that fn S(w)oT(w) dw is the identity operator in X and
fn ISl - IT(w)|| dw = O(n®) for some absolute constant a < 1.

We prove also that any subset of the unit n-cube which is convex,
symmetric with respect to the origin and has a sufficiently large volume

possesses a section of big dimension isomorphic to a k-cube.

Let X and Y be Banach spaces of the same dimension n. The Banach-Mazur
distance between X and Y is defined as d(X,Y) = inf||T|| - ||T7}|| over all
invertible operators T from X to Y. Computing or estimating the distance
between Banach spaces is one of the central problems in the Local theory. In 1984,
N. Tomczak-Jaegermann introduced another distance between Banach spaces {T-
J1]. First she defined a weak factorization norm of the identity operator of X
through Y as

¢(X,Y) = inf /Q 1S @) - T ()lldeo

where inf is taken over all measure spaces ({2,dw) and all (measurable) maps
T: Q@ - L(X,Y), S: @ - L(Y, X) so that [, S(w) o T(w)dw = idx—the iden-
tity operator. The weak distance between X and Y is defined as wd(X,Y) =
max(g(X,Y),q(Y,X)). It is obvious that for all Banach spaces X,Y of the
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same dimension wd(X,Y) < d(X,Y). A rather simple observation is that the
Banach—Mazur distance between the Euclidean space and any other space of
the same dimension coincides with the weak distance [T-J1]. More facts about
the weak distance between finite-dimensional Banach spaces and the connec-
tions with other branches of the Local theory are discussed in the review [L-M].
One of the most interesting questions concerning the notion of the Banach-
Mazur distance was the estimation of the maximal distance between two Ba-
nach spaces of dimension n. A trivial consequence of a classical result of F.
John is that this distance is not greater than n [T-J2]. In the famous paper
[G] E. Gluskin proved the existence of an absolute constant ¢ so that for all
n there are two n-dimensional Banach spaces for which the distance between
them is at least cn. For some probability space (2,%, u) he defined a ran-
dom function G from € to the set of convex symmetric bodies in R™ such that
for every w, G(w) is the absolute convex hull of 3n vectors in R*. These vec-
tors are supposed to be independently normally distributed with respect to the
measure p. He defined the space X, to be R* with the unit ball G(w) and
showed that with probability close to 1, d(X,,X.) > cn,(w,w') € Q x Q.
N. Tomczak-Jaegermann proved that with a probability close to 1 the weak dis-
tance between two Gluskin spaces is less than C/n for some absolute constant
C. This fact as well as other considerations led to the following two questions:

(1) How much could the weak distance differ from the Banach-Mazur distance?

(2) What is the maximal weak distance between two spaces of dimension n?

As to the question (1) we note here that for every ¢ > 0 there exist two
n-dimensional Banach spaces for which the weak distance between them is less
than 1+¢ and the Banach-Mazur distance is not less than ¢(e)n for some constant
¢(¢). For two k-dimensional Banach spaces Y and Z define the spaces W,,, W/,
and W, as follows:

Wn=Y0Y®. 0Y0Z6Z6..0Z

'm times m times
W,.=YoY®.. 0Y0Z0Z0..0Z

(m+1;rtimes m:irmes
We=Y0Y®..0Y0Z020..0Z

m;im? (m+1) times

Then the weak distance between the spaces W/, and W,, is at most 1+ L. Indeed,
for j =1...m, let P; be a projection from W/, onto W,,, whose kernel is the j-s
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summand of W), and P,,11 be a projectionon Y @Y & ... ® Y whose kernel is
N’

m times

the sum of the last summand Y of W/ and all the summands Z. It is obvious
that the identity operator on the space W,, can be factorized through the space
W, and the norm of this factorization will be 1. Combining the projections P,
k=1,...,(m+ 1), with this factorization one gets a weak factorization of the
identity operator of W, through W,’,; with the weak factorization norm Z*l,
From the other side if we take Gluskin spaces as the spaces Y and Z then it
can be checked (using the technique of S. Szarek [S1]) that the Banach-Mazur
distance between W/, and W, will be at least c(m)n with large probability.
The main part of this paper is devoted to question (2). Our result is the

following

THEOREM 1: The weak distance between two n-dimensional Banach spaces is

not greater than Cnii logL7§ n for some absolute constant C'.

In view of this theorem it is natural to conjecture that the weak distance is
actually at most C/n (with perhaps some added logarithmic factor).

The proof of the theorem is based on the combination of two ideas. The first
due to J. Lindenstrauss and A. Szankowski {L-S1], [L-S2] is that of using block-
Gaussian matrices. The second is a variant of the theorem of N. Alon and V.
Milman [A-M]. This theorem gives a possibility to find subspaces well isomorphic
to £% in certain Banach spaces. The lemma we prove in this direction has also
another consequence concerning spaces with large volume ratio. Let Bx be the
unit ball of the n-dimensional Banach space X. We define the volume ratio of
the space X as (Ban i/

. (vol(Bx)\1/n

vr(X) = min (_vm)

over all ellipsoids £ contained in By. This parameter plays a crucial role in
the Local Theory ([L-M], [P]). If vr(X) = 1 then X is obviously Euclidean. If
vr(X) < C for some constant C then X has a subspace of dimension at least
%, C'-isomorphic to Euclidean space with the constant C’ depending only on C
([S2]). The maximal value of vr(X) over all n-dimensional spaces is of order /n.
In [B] K. Ball proved that the only space with maximal volume ratio is £7,. Thus
one can conjecture that if the volume ratio of the space X is proportional to the
maximal volume ratio then X has a sufficiently large subspace well isomorphic to

¢%_. By considering the dual of the Gluskin space one can see that the dimension
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of such a space can not exceed \/n. We prove here

THEOREM 2: Let ¢ > 0 and X be a Banach space of dimension n. If vi(X) >
a+/n then there exists a subspace Y of X of dimension at least C(a)ﬁg@n,
C(a) log n-isomorphic to the space (3™ Y
If K is a convex symmetric with respect to the origin subset of the unit cube
B2 and
(vol(Bgo) ) 1/n <
vol(K) -

then vr(K) > ¢(a)y/n. So, we have

COROLLARY: Let K be a convex symmetric with respect to the origin subset of
B" and
vol(BL)\1/»
PP/ <a.
( vol(K) ) =4
Then K has a section of dimension at least C(a)f)g@ﬁ, C(a) log n-isomorphic to
the cube.

Remark: Using an argument of James [J], one gets for every € > 0 a section of
dimension n%(%:¢)/ 108108 " which is (1+¢)-isomorphic to the cube of its dimension.
|

We shall use the standard notation (see [M-S)], [L-M]). For a finite set J we
denote by |J| the cardinality of J. By g we denote a Gaussian vector in R", the
vector with independently standard normal distributed coordinates. B3 stands
for the Euclidean ball of R*, Bx for the unit ball of the space X. The dimensions
of all the spaces are integer numbers. If the dimension we get in some formula
is not integer, the integer part should be taken. By C, C, ¢ we denote absolute
constants whose value may change from line to line. We start with the following

LeEMMA: Let X be a Banach space of dimension n, and let B be the ellipsoid

of maximal volume contained in Bx. Let a, K be positive constants. Assume

that there is an orthogonal projection P: £ — {3 with rank P > an so that
n

E||Pg|lx < K. Then there exists a subspace of X of dimension m > ﬁ(a)LK
which is C(a)K-isomorphic to the space {7 .

This lemma is a variant of the main result of the paper [A-M] of N. Alon and
V. Milman. The proof we give is however different. Instead of the combinatorial
technique of [A-M] we use here estimates of a probabilistic nature such as the



Vol. 89, 1995 WEAK DISTANCE BETWEEN BANACH SPACES 193

lemma of Slepian and the large submatrices principle of Bourgain and Tzafriri
[B-T1].

The proof consists of three steps. First we construct an orthonormal system
in 7 with some special properties. Then we choose a random subsystem of
this system so that the hypercube generated by the vectors of this subsystem is
contained in the unit ball of X. Finally we use the large submatrices principle
to derive the lemma itself.

Without loss of generality we may assume that X is a subspace of L,(v) for
some 2 < p < oo and v. Indeed, one can slightly change the norm of X to embed
it into the space 2",

STEP 1: Let X,P,a and K be the same as in the lemma. Then there exist
a probability space (€, %, 1), an embedding of X into the space L,(p) and m
vectors wy, . . ., Wm, M > afa)n, so that

(i) ala) < flwillx <1fori=1,...,m,

(i) (wi,wj)ep = 6,] —XKronecker’s symbol for i,7 =1,...,m,

(iii) Il( Pl ?) ” < C@K
The constants a(a), C depend only on a.
The proof is similar to the proof of proposition 2.5 in [B-T2]. We give it for
the sake of completeness.

Proof: By the theorem of Lewis [L] there exist a probability space (Q, %, ),
an embedding of the space X into L,() and an orthonormal (in the sense of
Lo(u)) system {zx}7_, in X such that £7_,|2¢|> = n. Clearly the same equality
1s satisfied for all complete orthonormal systems in X.

Let I be the identity operator from £% onto X. Then by the theorem of F. John
[T-J2]

II: 6 = X = 1

) I
m(I"™h X - £3)=n

Let Y be the image of the projection P. We construct inductively a sequence of
ny = % vectors wy, ..., Wy, in Y so that
(a) (wk, we)ey = Ske (We shall identify the vectors wy with their images under
the identity operator I~} ),
(b) (wk,we)r,uy =0 for k # ¢,
(©) Nlwellx = llwellr, ) 2 \/%_
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Suppose that the vectors wy,...,ws,s < %, are already defined and define

the vector w,41. First define a subspace H of X as follows:
H =Y N [span(w; .. ws)]j;. N [span(w; .. .ws)]i‘z(#).

Then dim H > dimY — 25 > an — 2s > %, and so by (1)

,/% <ma(loI g X — X)

< Mlr-ray: & = X||-m(I7 g X — £3)
<V -y 6 — X

Thus one can find a vector wyq1 € H such that |lweyillep = 1 and [Jwsia|lx 2
\/g . Having constructed the vectors wy, . .., w,, we renumerate them so that the
sequence of the norms ||wk/||1,(.) becomes non-decreasing. Since the sequence is
orthonormal in the space €3, one can decompose the Gaussian vector g into the
sum

71

9= Z grkwx + g

k=1
where the g; are independent normal variables and g is a Gaussian vector in the
orthogonal complement of span{wy};~, in the space £5. So

ni

ny
K > E||Pgllx > B Y gewillz, () > El > gkwill Lo

ni 5 1/2 n n
>E( S dn?) " lwslleagn 2 /5 Elol - o o = 1/ Zlws -

n
k=—2;-

It follows from this estimate that for.every k < 5, JlwllL,(u) < 4 /oK. Hence

2 2 2
|wg] < .94 e 3K

k=1 LR “wkniz(#) Tom a

¥

because the vectors
|

o WE i
Torliam form an orthonormal system in the space La(u).
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STEP 2: Let the space X and the sequence {wi}j, be as in the step 1. Then

there exist a constant C(a) and a set J C {1,...,m} of at least /m elements so
that
(2) 1Y asw]) < Cla)K - max |a|

keJ

for every sequence {ax}reJ-

Proof: Denote by zx(w),k = 1,...,m, the sequence of independent Bernoulli
random variables taking the values 0 and 1 so that P{z, =1} =4 = ﬁ Let
1414
P + g

Define J = J(w) as the set of all indices & such that zx(w) = 1. It will be
proved that with positive probability |J| > /m and (2) is satisfied. To do this
consider the number

m

o=E, swp 3 m)f vl

”f”Lq(p)-——l k=1

Then
0'S6 ZI f7wk ]+]Ew sup Z(zk(w)_é)Kf’wk)l‘
"flqu(u) i — Il g =1 =1

Each summand will be estimated separately. By (iii),

SIVEL )i I

||f|qu(p) =1,

<val( )| oy S VAC@K
k=1 oottt

The second summand is the expectation of the supremum of the sum of the
independent random vectors (zx(w) — 8)|{f,ws)| in the space £o (B (u))- The
expectation of these vectors is 0, so for normal variables gi(w') independent of
2k(w) we get

sup Y (zk(w) — O)I{f, ww)]

Rleg(=1 k=1

<VorE,E, su Z(zk(w 6)gr (W) f, wi)].

llflquw—l k=1



196 M. RUDELSON Isr. J. Math.

By the lemma of Slepian [P] it is less than

m

V2rE By sup Y (zk(w) — 8)gk(w')(f, we)

HllLgey=1 =1

= V2rE K, | Z 2k(w) = 6)gr (W )wkl L, ()

<V2rE By || Ezk(w gk(Wwiell L,y + V2mOE, || ng(w Wil L ()
k=1 k=1
Since the sequence {wg}7, is orthonormal in the space £3 these expectations

are not greater than K. So, one gets
o < K(V2r-(1+6)+ C(a)) = Cla)K

This guarantees the existence of w so that the set J = {k: 2;(w) = 1} contains
at least y/m elements and

sup 3" 1(fwe)] < 20(a)K

Hlleguy=1 ke

Thus if {ax}res is an arbitrary sequence of real numbers then

1Y arwil, = sup Y ax(f, wi) < 2C(a)K - max|ax|
keJ NfllLq=1 ke g keJ

as claimed.

STEP 3: If the sequence {wy }rey, satisfies (2) and, for allj € J,a(a) < ||lws] <

1, then there exists a subset I of J so that |I| > =-——|J| and the sequence

Cla)K
{wi}rer is C(a)K-equivalent to the standard basis of (Zg)o
Proof: For i € J let wf € X* be such that (w},w;) = 1. The scalar products
(wf,wj), 1,5 € J, form the matrix M = (my;); jes such that m;; = 1 and, by
(2), Tier Imig| < S

By [J-S] there exists a subset I of J so that |I| > C(a)|J| and Zﬁf Imi;| < §
for all 7 € I. Let {a;}ics be a sequence of real numbers and |a;,| = max;¢y |as|.
Then

[

> |ai,| - a — ” Z a; w,“ > |ai,|a — ——max|a1| > — max|a1| |

l#io
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We recall the definition of f-ellipsoid. Let F be a Banach space. For a linear
operator u: £3 — E denote by £(u) the following norm:

W = (E1 gueel?)”,
k=1

where g are independent Gaussian variables and {ex}7_; is the standard basis
of the space £2. For v: E — ¢2 define the dual norm to £(-):

2*(v) = sup{tr (vou)| £(u) < 1}.

By the theorem of Lewis [P], for every invertible operator u, £(u) - £*(u™!) > n
and there exists an operator ug, such that £(up) = £*(ug') = /n. The ellipsoid
uo(B2) is called the f-ellipsoid of the space E. By a theorem of Pisier [P], for
every operator v: £2 — E, £(v*) < Clogn - £*(v) for some absolute constant C.

COROLLARY: Let Y be an n-dimensional Banach space and assume that By is
the (-ellipsoid of Y. Then for every K at least one of the following is satisfied:
(i) there exists a subspace Yy of R of dimension 3 so that

i n n . n N logn
lidlvo: 25 — Y1 < Y2 fidly: 5 — ¥ < YOIB™

(ii) there exists a subspace Z of Y of dimension é,%, C K -isomorphic to £3imZ,

(iii) there exists a subspace Z of Y* of dimension Ac%’ CK -isomorphic to ¢4imZ

Proof: Let £ be the ellipsoid of maximal volume contained in the unit ball of
Y. Let €1,...,e, be the axes of £ and Ay,...,An, A1 € Ay < --- < Ay, their
lengths. Let T be the diagonal operator defined by Te; = \je;,1 <@ < n, and
thus T(Bg3) = €.

If Az < \/LH let P: R* — R" be the orthogonal projection onto the space
Y1 = span{ey,..., e%}. Let g be the standard Gaussian vector in the space R™
and put § = Tg the standard Gaussian vector in the space (R", || - |l¢). We have

- K .
E||Pgll, <|IPT||-Elgll, < N Lid: 5 ~Y) =K

and thus the conditions of the lemma are satisfied. Hence by the lemma the case
(ii) holds.
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If A

w[3
v
S

then

. . _ n
lidlys: 6 — Y1 < [Ty < 22

Now let € be the ellipsoid of maximal volume contained in the unit ball of Y*.
As before let €1,...,€, be the axes of £ and 5\1,:\2,...,;\,1, 5\1 < 5\2 < o< A
their lengths. By the same reasoning if \,/3 < 7,_1‘1‘—“ then case (iii) of the
corollary holds. If also in this inequality the opposite is true then for the space
Y, = span{é,...,éz}

lidlys: 6 —Y*| < -——‘/ﬁ;?g”.

Thus in this case (i) holds for the space Yy = Y;* N Y3t. 1

Remark: One can prove the corollary in the following slightly stronger form:
the case (i) should be changed to
(i)’ there exists a subspace Yy of R* of dimension § such that

: n n : n
fidhv: € — VI < Y2, Jidlyy: Y — G < €,

: n * nlo : * n
lidhy: €5 = ¥°ll < B, Jidly: Y™ = 5] < C.

Proof of Theorem 1: Let X and Y be two n-dimensional Banach spaces and
assume that BY is the {-ellipsoid of X as well as of Y. Let K be a constant to be
defined later. We have to estimate the weak factorization norm of the identity
operator of X through Y.

We apply the corollary to the space Y. Suppose first that the case (i) of
the corollary is satisfied. We define next a decomposition of R™ into a sum of
orothogonal subspaces X, j < 2log, n, so that for all j

(3) llidlx,: & — X|| - llid|x;: £ — X*|| < 2v/n.

Let £ be the ellipsoid of maximal volume contained in the unit ball of X,
e1...6n it’s axes and Ay,..., A, Ay < --- < Ay, their lengths. We define the
sequence m;, and the subspaces X; as follows:

1
m =1, mjq) = min{s > mj: A > 2Amj} if Am_,- < 5/\7,
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and mjp =n+1if Ay, > %/\n,Xj = span{es: mj < s < mjy1}. We stop when
mj+1 = n+ 1. The ellipsoids X; N £ are proportional to the unit ball, so the
inequality (3) holds. It is obvious that there are at most 2log, n spaces X;.

Let Y, be a subspace of Y satisfying (i). Consider the following factorization:

X 5; Y A; . X
TR
X/X]-L——G—>Yo Y/YOL—CL’XJ'

Here P;, P are the orthogonal projections onto the spaces X; and Yo, G = (gix),
1<i< 5% 1<k <dimX; a Gaussian matrix with independent normally
distributed elements g;x. One can easily check that

n/3
E(4; 0 B;lx,) = E(id 0 GT o Poido G o Pylx,) =E( D" g&) -idlx, = Sidlx;.

=1

Hence,

3
dx =— ) E(A; o Bj).
X n Z ( J J)
J
Let us estimate the norm corresponding to this representation.

E|l4;] - |B;]| < BIGI - IIGT)| < (] GIPP)Y2 - (BIIGT)|%)!/2
< C-E|G|| -E[IGT].

mince BY is the (-ellipsoid of the spaces X and Y/,

£(id|x,: €3 — X*) < £(id: £3 — X*) < C/nlogn,
Uidly,: & - V) < 4(id: & - Y) = V/n.

By the inequality of Chevet {T-J2]

E||G|| §||id|xj: o — X7 -Z(id|,,0: 6 —Y)
+ ||id|YD: o -Y| -K(idlxj: 7 — X*)
<V - lidix,: & — X*|| + C/nlogn- lidly,: & — Yol

nlogn

<V [idlx,: £ — X7 + G228
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Similarly,
E|GT|| <llidly,: & — Y*|| - £(id|x,: &5 — X)

+[lid|x;: &z = X|| - £(id]y,: &7 = Y)

<nlogn

+Cy/nlogn - |lid|x;: £ — X||.
Finally, by (3) one gets

Cn?login  Cn3?log’n
K? K
n3/2logn
K

E|IG|| - EIGT| <

llid|x,: &3 — X||
llid|x,: €5 — X*|| + Cn3/?logn.
Let now e be a unit vector in X;; such that |le||, = sup{||é]|,|é € X, [|&]lez =1}
and P, is the orthogonal projection onto span{e}. Then
llidlx;: €5 — X|| = |lid o Pe: £3 — X|| = £(id o P,: £3 — X)
< Oid: 22 — X) = v

and similarly
llid|x,: €5 — X*|| < Cv/nlogn.

Thus, if the case (i) of the corollary holds for the space Y then

2 2
ElGl - 167} < OB | cnd/2logn
and so s
q(X,Y) < QEIKOg—n + Cn?log? n.

Suppose next that the case (ii) holds for Y. By [T-J1] there exists a
decomposition of the identity operator of X idy = Z;\J:l Uj, so that, for ev-
ery j, U; can be factorized through a certain diagonal operator A;: £2, — €7:

x Y. x

A,i Isj

m 7 n
foo——>€2

Here ||4;]] < 1, [|B;ll <1, A; = diag(Al...A?) and

N
> Il < cva

j=1
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n
CK>»

m = 1,...,(CK/n), spanned by elements of the standard basis of /7. Let
P, be the natural projection of the space {2 onto E,,. Suppose that Z is the

Decompose €5 into a direct sum of the spaces E,, dimE, =

subspace of Y given by the case (ii) of the corollary, Then there exists a projection
P onto Z such that
P:Y - Y| <CK.

Define a decomposition of the operator U; as follows:

CK/n
U= ) RhoS
m=1

where the operators R}, and SJ, are defined by the diagram

Aj n id Aj B;j
X - {7 — {0 —— 0 —— X

’Pml idI A!Em
E,——Z7 VA > FE.,
N S
- Y

ol \1/2
Then one gets ||z, || = (Z75F | o (457) ", s0
- CK

L

CK CK\/n
SNRLNISLN < Y. d(Em, 2) - |1P] - 14518,
m=1 m=1

CKm m ¥

< CK? Z ( Z (A§)2)1/2

m=l e (m-1) e +1
1/2 , 2 1/2 -
50K2(CK¢5) (Z(A;P) = CK32nV/4A ).
s=1

This means that weak factorization norm corresponding to the decomposition

N CK=m

idx =) Y RioS

i=1 m=1

is at most CK5/2p3/4,
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If the case (iii) of the corollary holds then by duality one has the same estimate
of the weak factorization norm. To end the proof choose the constant K in the

6/7

optimal way, i.e. K = Cn'/1og® " n. This gives

(X, Y) < Cn'®1og® . 1

Remark: Ifdim X = n,dimY = m then the same calculations give the following

estimate for the weak distance:

nlog15/7n mlog15/7m
wd(X,Y)SCmax{ YRR Ry .

Proof of Theorem 2: Let B3 be the ellipsoid of maximal volume contained in
the unit ball of X and M be the £-ellipsoid of the space X*. Let ey, ..., e, be the
axes of M and pu1,..., pn, 1 < -+ < Uiy, their lengths. We shall prove first that
By < (—1\3/—5 Assume tha: Bat, > #ﬁ Let Z be the subspace of X spanned by
the vectors ex, 1 <k < %n, and P be the orthogonal projection onto the space
Z. Denote by X o the n-dimensional Banach space with the unit ball M. Then

we have
(5) fidlza: 6 — Xoul < 20

By the lemma of Urysohn [P] one gets

1/n
vol(BX)) > an

Ellslx- 2 v (Lo

From the other side,

Elgllx- < E||Pg|

x+ +E|l(id - P)g||x-.
By (5),

Eld ~ Plalxe < L 0l ze: Xon - X%) < 00400 X X7) < 2,

E||Pg||x- = VAmZ / 2l1x-dm(2).

Xn-1nZ

Here m(z) is the Haar measure on the sphere ZNS™~1. Since BY is the ellipsoid of

minimal volume which contains Bx-, then, by the theorem of F. John, ||z||x- <

Vnllzlleg-
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So,
E||Pg|lx- < VdimZ -y = gn

and we get the contradiction E [[g]|x- < %an. Thus we have proved that for the
polar body M? of the ellipsoid M

iz 65— Xl = paza <
Since M is the £- ellipsoid of X*, we have

£(id|z: Xpo — X) < £(id: Xpg0 — X) < Cv/nlogn
and so

. " . 3c
I1Pgllx < |lid|z: €5 — X a0 - €(id] z: Xpgo — X) < ;logn.

Thus all the conditions of the lemma are satisfied. |
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